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Numerical simulation of dust-acoustic waves
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We use molecular dynamid8/D) and particle-in-cel(PIC) simulation methods, in which dust grains are
treated as discrete particles and the background plasma is included in the potential slil@jngr as a
Boltzmann fluid(PIC), to investigate dust-acoustic waves in a one-dimensional, strongly co(pitdthe
Coulomb coupling parametdr equal to the ratio of the Coulomb energy to the thermal energy, which is
greater than M dusty plasma. We study cases both where the dust is represented by a small number of
simulation particles that form into a regular array structure at ldrderystal limit) and where the dust is
represented by a much larger number of parti¢fiesd limit). We show that the measured frequency for dust
acoustic waves satisfies either a fluidlike dispersion relation or a lattice wavelike dispersion relation, depending
on I' and the number of simulation particles. Other PIC simulations, either with plasma ions represented as
particles rather than as a Boltzmann fluid or with collisions between the dust and the background gas, have also
been carried out and shown to agree with theoretical predictions. Numerical issues associated with smoothing
of the accumulated charge density in PIC simulations have also been addressed; smoothing is shown to affect
wave dispersion at high wave numbers in the fluid limit and low wave numbers in the crystal limit.
[S1063-651X%99)01602-3

PACS numbgs): 52.35.Fp, 52.65.Rr, 52.25.Vy

I. INTRODUCTION nificant. Both electrostatic and electromagnetic modes exist
and many have been studied analytically. One of the most
When dust grains are introduced into a plasma, they beinteresting wave modes is the dust-acoustic mpg15,
come charged and form a dusty plasma. The environmemthich results from the oscillatory motion in a plasma with
near a comet and dust rings in planetary magnetospheres awo species of widely differing masses, in this case dust and
the most common examples of dusty plasmas in space, ahlasma ions, rather than ions and electrons. Dust-acoustic
though they also occur in the ionosphere as well as near thgaves have been studied in a number of laboratory experi-
surface of the moofl—3]. While dusty plasmas have been ments[7,9,16,11, in which the basic dispersion properties of
studied in the context of astrophysics for many years and théhe waves have been measured. When a relative drift exists
effect of electromagnetic fields on dust grains in planetanbetween the plasma and the dust, dust-acoustic waves can be
rings was vigorously investigated a decade §4fo a more driven unstable. Such a situation occurs in Ehéng in the
general interest in dusty plasmas has rapidly grown in thénner magnetosphere of Satufh8,19, where the plasma
past few years. In part, this has been due to laboratory excorotates with the planet while the dust follows Kepler or-
periments that show a fascinating range of unusual phenonbits. The relative drift speed between the plasma and the dust
ena, including the formation of crystal-like structures andis of the order of the ion thermal speed, which is sufficient to
large-amplitude wavef5—9]. Interest has also been gener- drive the instability.
ated by the importance of contaminants in industrial process- In the past few years, it has been shown experimentally
ing plasmas[10]. In addition, recent developed computa- that dust grains in a plasma can form into a regular crystal-
tional capabilities and techniques allow these processes to biae lattice[5,6,8. By adjusting the parameters of the plasma
studied numerically with a high degree of realism that wasthe plasma crystal can be changed into a liquid or a gaseous
unavailable just a few years ago. state. It has been known for many years that coulomb sys-
The presence of charged dust in a plasma adds additionsdms can exist in a solid state when the coupling parameter
sources of free energy that can modify existing waves ofl", the ratio of the Coulomb energy to the thermal energy,
excite new mode$11-13. High-frequency modegsmuch  exceeds-170; such processes have been investigated in col-
greater than frequencies associated with the)dwsi be al- loidal systems and non-neutral plasm@ee, e.g.,[20]).
tered because the dust can modify the number of unattache®ince the charge on a dust grain can be very large, it is
electrons in the system or the relative drift between thepossible achieve dusty plasmas wilh~10°-~1CF. The
plasma electrons and ions. More interesting effects occur gdlasma crystal is easily observed with a scanning laser and a
lower frequencies, where the dust dynamics enters directlwideo camera and forms in a few seconds. Dust-acoustic
Although the dust chargey can be large, typically f8-1°  waves can be excited in these systems by applying a small
electron charges, and the dust massis also large(~10'2  voltage pulse to a probe in the plasma. The characteristics of
proton masses for a Am-radius spherical grainso that the waves can be used to determine properties of the dust

0q/my<<1, the dust plasma frequeneyqd/mé’2 can be sig- grains, such as their charge and screening lehb®h and
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even perhaps their siz21]. Low-frequency waves in a regu- lar approach may be imposed by other physics dictated by
lar crystal array may exhibit dispersion properties that dethe experimental conditions, such as collisional coupling to
pend on the latticg22,23, in analogy to solid state physics; the background gas and plasma as well as boundary condi-
however, the measured wave properties in plasma crystat®ns. While these sorts of issues for studying waves using
seem to correspond more closely to those obtained frorplasma simulation techniques are fairly well known in ordi-
simple fluid theory[16]. Enhanced fluctuations are also as-Nary collisionless plasmdsee, e.g34]), dusty plasmas add
sociated with the melting of the crys{d,24,25. In addition, ~New complications, as described previously. o
strongly coupled plasma effects may occur in these crystals While our eventual goal is the study of dust-acoustic-like

[26,27, although they do not appear to be significant influctuations in laboratory experiments, we realize the need to
pre"sen’t experiments start at a fairly elementary level and address some of the

In this paper we describe simulation models for Studyingmost fundamental issues first. Thus we concentrate on one-

dust-acoustic waves and results of calculations. As describeyMensional systems in which the dust is considered either as
previously, there is general interest in the properties of the/€Y fine grains, which can be modeled as a fluid, or as
waves in both the fluid limit, where the dust is continuous;lymass've grains, as one flnds in a plasma crystal. We beg|_n n
distributed, and the crystalline phase, where the dust consis&ec' I _W'th a brief review of t_he theory of dust-acouspc
of a few large grains collected into a regular lattice. Because/2ves In these two I|m|Fs and mclud_e_the effects of lattice
the lattice forms in rf discharge plasmas near the outer edg\é'br.at'ons’ strong coupllng,_ and CO”'S'.OnS' In Sec. lll we
of the sheath above the electrode, the flow of plasma ion&VieW the numerical techniques we will employ: MD tech-
into the sheath through the lattice can also be important and'du€S and Pl.C methods for the dUSt.'OnS’ with the p'?‘sma
may contribute to the structure of the crystal that is forme ons treated elther. as a.BoItzr.nann fluid or as PIC. particles.
[28] as well as to the spectrum of low-frequency fluctuations,' '€ results of various simulations are presented in Sec. IV,
Moreover, the possible existence of lattice vibrations an _h_ere_we (_jlscuss bath the physm_s of the simulations an_d the
strongly coupled effects in such configurations is also of inJimitations imposed by the numerics. Results for the various

terest. Simulations allow the properties of the waves to bépfthOdds will be comparzq agd cc\;/ntrajted. Thg f'r.‘d'”gs of
studied in the absence of complicated effects, such as varifis study are summarized in Sec. V and remaining issues are

able grain charge, spatial inhomogeneities, and boundary effiscussed.

fects, although such effects could be addressed by calcula-

tions in the future. Il. THEORY
Since the background plasma primarily provides shield-

ing, the most straightforward simulation model is molecular

dynamics(MD) that calculates directly the interaction f

dust grains with fixed charge and md89-32. Each grain

is characterized by a screened Coulot¥kawa potential,

which takes into account the effects of the plasma. The

We consider low-frequency electrostatic waves in a dusty
plasma. The plasma is characterized by ions of number den-
sity n;, chargezZ;e, massm;, and temperaturé’i:%mivi2

and electrons of density,, massm,, charge—e, and tem-
Md)eratureTe= %mevg. The dust grains are all assumed to be

approach allows the grains to interact at distances shortép€ Same sizespherical with radiusa), with massmy,
than a Debye length. Hence strongly coupled plasma ang@'98da=Zqe (usually less than)p and temperatur&, .
lattice effects at short wavelength can also be included dil N€ dust charge density, then relates the electron and ion
rectly. An alternative approach is to again treat the grains adensities through the condition of charge neutrality
discrete particles, but use a grid to compute the fields that the 2 — et 2= 0 e
particles experience. In this particle-in-c@MC) method, the i e &diid™ H
glixssTai?ltzﬁrsgrsaﬁjnr[gIB?n%2;6;{2312?;3&5823;2;“ir;1ﬂtl;1|g %e dispersion relation relating the frequency pf the wawves
: to the wave numbek for dust-acoustic waves is readily ob-

usual manner, using PIC methods for the grain dynamics an ained by linearizing and combining the continuity and mo-

solving Poisson’s equation to obtam_the _electrlc fiad). !f entum equations for all three species in standard fashion
one wants to model more complex situations, such as inclug-

ing the effect of flowing ions, the shielding of each grain 14,15,18 to obtain

needs to be modified. In the MD model, this can be done by Kk
changing the form of the potential when one grain is located 0= wy 5 Dz 5 2)
downstream of a second grain. For example, Melandso and (1+k7kp)

Goree[28] have added a dipole force to model this interac- ] 20 o
tion. In the PIC approach, the modification to include thewhere the dust plasma frequencyag=(4mnyZze*/my)

effects of plasma flow is less clear. The easigstt most and ko=Ap'=(\pe+Ap)M2 where ADa
expensive approach is to represent the plasma ions by PIC:(TO(/41-rnaZ§eZ)1’2 is the Debye length for theth species.
methods as well19,35. WhenT~T,; andn,~n;, A\p~ApeWhile for T,>T;, which

Each of these numerical methods has its strengths andill be valid for most of the results presented in this paper,
weaknesses. For studying the generation and properties af~\p; .
dust-acoustic waves, one technique may be more appropriate The dispersion relatiof2) is modified by several effects
in certain regimes than others. In addition, the underlyinghat are important in various applications of dust-acoustic
assumptions of the physical model and/or the numericalvaves. First, dust-acoustic waves are often observed in dusty
method used in its implementation may add further conplasma crystals. The presence of dust-acoustic fluctuations
straints. Additional conditions on the usefulness of a particuecan be related to the periodicity of the lattice and seem to be
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associated with the melting of the crystg8,24]. Dust- 0.8
acoustic-like lattice waves have been analyzed using well
known techniques from solid state physi&#,36. In this 061
case, the dispersion relation takes the form F 04 : '
3 i i
w=wyf(kpb)sin(kb/2), 3) s L ]

0.2r - . 1
where

0.0 ‘ . ‘ .

f(kpb)=C(1+kpb+k3b%2)2exp( —kpb/2).  (4) 00 03 06 09 1.2

k/k,

C=="Y?andb is the spacing between grains in the lattice. _
Strongly coupled plasma effects may also occur in dusty FIG. 1. Real frequency, normalized to the dust plasma fre-
plasma. Such effects are characterized by the Coulomb cogtencywy, versus wave numbes, normalized to the inverse ion

pling parameter Debye lengthk;, as computed from fluid theorlEg. (2)] (solid
curve, fluid theory with strongly coupled correctidiq. (6)] (dot-

dez exp(—d/2\p) ted curve, fluid theory with strongly coupled correctidiEq. (7)]

I'= (d/2)kgT4 , ) (dot-dashed curye and lattice dynamic§Eq. (3)] (dashed curve

The parameters are given in the text.
where d/2 is the Wigner-Seitz radius. Strictly speaking,

strong coupling has not been worked out for a one<ies. In the cold fluid limit, the left-hand side of E€) is
dimensional system. So here we take the Wigner-Seitz radiugplaced with[w’ (0’ +iv.)]Y2 where v, represents colli-
to be half the intergrain spacing in a cubic lattic#, gjon of dust or plasma ions with the neutral species

_ 1/3 H
=(1/ng)™", andkg is the Boltzmann constantNote that 16 37,3 In the collisionless case, the fluid damping rate of
here we distinguish betwee the average spacing between e \yavesy is zero. With collisions, the complex frequency

grains that can be positioned at random, anthe separation goes tow—iv /2, so the damping rate is increased to

between grains equally spaced in an array. The first quantitxclz_ Also, the left-hand side goes tawf+ »2/4)¥2 and

s most relevant when a _fIwc_J d_esc_rl_ptlon IS belng_ LISEdhence the real frequency is reduced. For finite temperature,
whereas the second quantity is significant when lattice dyfhe dispersion equation must be solved numerically, as dis-
namics are importantStrong coupling ['>1) can occur in cussed later. ’
these systems since the_ dust_charge can be very large. I:OrA fourth effect (which we will not consider, but discuss
largeI’ [>170 for three-d_mensmnz(iBD) systems_>120 f(_)r briefly for completenegss the relative drift between the dust
2D sygtem}:strong cpuplmg effects can be manifested in theions and the plasma. As noted earlier, such a relative drift
formation of crystallinelike structures in the di&(8]. can arise in planetary rings. A similar drift also occurs in
Strong pouplmg effeqts in dusty plasmas have recentl)fnany laboratory discharges, either by directly inducin@jt
been cons@ered theoreUca!Iy by Rosenbgzrg and Ka[@ﬁ:h or naturally by the plasma flows in the sheath region of rf
a_nd Munl_lo [2.7]' An approximate expression for the disper- discharges where dusty crystals tend to form. The presence
sion relation in this limit is given by Murillo: of the drift allows the dust-acoustic waves to become un-
k/kp 1 stable and hence grow to large amplitude from background
5 A AT (6) fluctuations. While analytical expressions can be obtained
(1+ kz/kD)llz (1+k°d*/16) for the growth ratey in the limit of relatively small or very
large ion drifts[18], in general, one needs to solve the dis-
persion relation numerically when the drift is comparable to
the ion thermal velocitysee, e.9.[19,39).
To show how these effects modify the dispersion relation
in a quantitative manner, we consider a set of specific param-
eters, which are roughly based on typical experimental con-

W= wy

This expression does not depend explicitly Bnit is an

average fit for a range of differedf’'s. A more complete
expression is given in Eq34) of Ref.[26], which is valid in

the liquid phase at long wavelengttfer k=d/Ap=<1), and
is of the form

k 1 12z ditions in rf discharges, which will be used throughout the
®= gy er f(, )] (1) study. Using ion quantities as normalization, with=1, we
assumengy/n;=10"%, Z,=-2000, T4/T;=1, and my/m,
wheref is a complicated function ok andT’, given by Eq. =10 This further implies thah,/n;=0.8 and, assuming

(35) of [26]. Both models show that the effect of strong Te/Ti=40,kp~Ap;'=k;. Usingngd®=1 implies a particle
coupling is to reducew at short wavelengths, so that the spacingd of k;d=5.3. For the above parameters, one finds
phase velocity is negative. For the range of wave numbers dhe coupling parametdiEq. (5)] I'~120 for T4/T;=1. We
interest here, the dispersiddw/dk) approaches zero, but will also show simulation results at small€r by reducing
does not become strongly negative, as can occur at shortdére dust temperature. For a few of the calculations, an artifi-
wavelengths. The more comprehensive md@é] includes  cially small dust massng/m;=10° is used instead. This is
strong coupling effects on the plasma compressibility, whiceeded when the motion of the plasma ions is explicitly in-
results in a reduction of the phase speed at long wavelengthsluded.
as shown later. With these parameters, the dispersion relation including
A third modification involves the inclusion of collisions the various additional effects can be plotted. Equat®rior
between the plasma species and the background neutral sgbese parameters is plotted in Fig. 1 as a solid line. The real
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0.8 complications are beyond the scope of this study. As we will
06F V=050, B . . . .
3 show in Sec. IV, numerical issues can add further complexi-
3 8‘2‘ i 1 ties to interpreting the results in the calculations.
0oL Il. METHODOLOGY
0.0 In this section we review the numerical methods that we
F —0.1r 7 will use to simulate dust-acoustic waves. We also discuss the
X gk y initial conditions of the simulations as well as method used
03 to model collisional coupling to the weakly ionized, back-
0.0 03 06 0.9 12 ground plasma. The techniques that are used to construct the

k/k, dispersion relation are also described.

As discussed briefly in the Introduction, we employ both

FIG. 2. Numerical solution of the dispersion equation including P|C and MD methods. MD methods are conceptually sim-

collisions between dust and background gas<(0.504), showing  pler, in that one computes directly the two-body interactions

 versusk (top panel and damping rate versusk (bottom panel  hetweenNy charged dust grains. By including all the inter-
the dotted curve is the collisionless result for comparison. The paxtions. one treats both short-range and long-range interac-

rameters are the same as in Fig. 1. tions identically. The effect of the background plasma is in-
cluded as the shielding around each of the grains, with the

frequencyw is linear at smallk and bends over ak ap-  potential surrounding each particle assumed to be a shielded
proaches unity. Superimposed on the figure is the dispersiofoylomb(Yukawa potential, i.e.,

relation modified by the latticfEq. (3), dashed ling with

b=d and strongly coupled effec{&q. (6), dotted line; Eq. Z4e

(7), dot-dashed ling At short wavelengths, the strongly $(x)= — —exp(—X/Ap). ®

coupled effects in both models lead to a comparable reduc-

tion of the frequency. The reduction increases withAt  Each dust particle has masy and chargeZ,e and is char-

long wavelengths, Ed6) reduces to the fluid limif2), while ~ acterized by its velocity; and positiorx; . The equations of

the more complete modé€¥) gives a reduction in the phase motion for theith particle are

speed that also increases withfor I"'~100, this reduction do. deb(|x—xi)

is about 10%. Lattice effects lead to a larger reduction of the mdl =—> Ze— 1

frequency compared to the fluid case; for short wavelengths dt J#i dx

where kb> 7 (k/k;=0.6), the wave dispersion becomes

negative. dx
Figure 2 shows the effect of including collisions between at

the dust grains and the background gas. Again, the real and

imaginary parts of the frequency are solved numeriddélly.  where the sum is over the other dust particles. As described

(2) in [40]], using the same parameters as above, with theater, the calculations are done in a periodic system, which

dust-neutral collision frequencyy=0.504. We have also implies that the sum must be done not only over the simula-

plotted the numerical solution fary=0 for comparison as tion particles in the actual system but also over their coun-

the dotted lines. Including collisions tends to reduce the reaferparts in periodic replications of the system. However, be-

frequency of the waves compared to the collisionless caseause of Debye shielding, in practice we need only worry

and increase the wave damping by aboy. At smallk, about particles that are located withinL/2 of theith par-

the real frequency is reduced to approximately zero and thgcle.

damping rate decreases with wave number. In the absence of Other effects that can occur in a realistic experiment can

collisions, the kinetic wave damping rate is very snialll%  also be included by augmenting the grain-grain interactions

of wy). with an external potential that models the effects of the elec-
The results displayed in Figs. 1 and 2, which use paramtrical force due to an imposed electric field at the boundary

eters that are characteristic of many laboratory experiment&nd the gravitational force30,32. In addition, the effect of

indicate both numerical and experimental challenges of inthe interaction with the background plasma can be included

ferring plasma properties of the plasma and dust from dusthrough an imposed cooling of the grains or through the

acoustic waves. We note from Fig. 1 that the difference beaddition of a short-range force to model neutral-dust colli-

tween the fluid dispersion relation and corrections imposedions [41]. By suitably modifying the potential structure,

by the lattice or strongly coupling are relatively small at longwakes due to flowing plasma can also be readily incorpo-

wavelengths and become sizable only at short wavelengthsated[28].

The modification to the wave dispersion due to collisional MD simulations generally are characterized by rather high

effects are likely to complicate the interpretation of thesenoise levels due to the short-range interactions. In addition,

correctionq 16,26. In addition, the presence of plasma flow because of the need to resolve each grain-grain interaction,

(which we do not consider in this paperan also modify the the time step is relatively small. Increasing the particle num-

dispersion. In a realistic 3D dusty plasma crystal, the flowber decreases the intergrain particle spacing and thus leads to

will be primarily in one direction(normal to the electrode small time steps and longer computer runs. This is offset by

and the driven oscillations in this direction will likely couple the ability to model short-range interactions self-consistently

to other modes in the transverse directions as well. Thesend the simplicity of extending the calculations to three di-

)

Vi,
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mensions. For doing complex problems, there are sophisti- In the simplest PIC simulations, the background plasma
cated methods available to make MD more effici@8l, but  ions and electrons are modeled as a Boltzmann fluid, which
for the one-dimensional calculations to be presented herenters into the solution of Poisson’s equation. In some simu-
they are not necessary. lations, we will instead treat the background ions, like the
While direct, MD-like methods were used in the early dust grains, as simulation particles. This has the advantage
days of numerical simulation of collisionless plasmas; PICthat the ion interactions are all self-consistent and is most
methods replaced them in the early 1970s. In the PIlQuseful for more complex problems, such as those involving
method, the electromagnetic fields that the particles experion flow. However, it implies that one must follow the
ence are stored on a grid. The field information at the gridplasma ions as well as the dust. Because of the highly dis-
points located on either side of each particle is interpolategbarate time scales between dust and plasma ions, we use an
to the particle position to determine the instantaneous forcartificially small dust mass(md/mp=106 rather than
by which the particle is advanced to the next time level.mg/m,~ 102 for a 1-.um dust graif. PIC simulations with
After the particles are moved, their charges and currents angarticle dust grains and plasma ions have been used to study
interpolated back onto the grid. Using these source terms, thghort-range correlatio85] as well the dust-acoustic insta-
electromagnetic fields are then solved on the grid. In thigility in a flowing plasma with[40] and without[19] colli-

case, the equations of motion are sions with the background gas. Simulations with PIC ions
and electrons have been done to study grain charging in a
m ﬂ: _ ed¢(x) self-consistent manng#2,43.
4 dt Codx | The PIC and MD simulations carried out in this study

' (10) _have be(_en initi_alized in the same manner. Particle; are placed
dx; in the simulation domain at equally spaced positions and
— =V, given random thermal velocities. Periodic boundary condi-
oL tions are used for particle motion and the electrostatic poten-
tial (electric field in both methods. In both types of calcula-
tions, local fluctuations develop and the particles acquire
d?¢(x) ) random displacements from these positions, resulting even-
0 Kod(X)=—4mZelny(X)~ngl,  (11)  tually in some heating of the dust. In most calculations, this
heating does not affect the overall results. In order to verify
with the background plasma included as a correction to théhis, in some calculations the dust temperature was fixed by
linear dielectric.nyg is the spatial average ofy(x). $(X) renormalizing the velocities of t_he dust grains each time step
andny(x) are calculated on a fixed grid of cells, at posi- [0 €nsure thgt_the temperature is truly consfddt. Alterna-
tions x,=(k—1/2)L/N, k=1,2,...N, as described in t!vely, a collision c_)perator is turned on to cool gff the par-
Chap. 2 of Ref[34]. This method of interpolation between ticles to a prescribed temperature for some titasually
particles and the grid has the advantage that short-range if2dt="50). This is done using the Langevin approach we have
teractions are smeared out, reducing the level of fluctuation@eveloped for semicollisional plasmgb] and have applied
considerably. As is typically done, it is assumed here that thé0 collisional dusty plasmggi0]. After moving the particles,
particle size corresponds to the cell size and linear interpoth€ velocity of each particle; is subject to collisions with
lation is used both in collecting the source terms and in dethe background plasmaw(), according to the Langevin
termining the electric field experienced by each partise, — €quation[44]
e.g., Ref[34], pp. 19-22. This means that the electric field
experienced by the grains in a cell is just a linear function of do; vcvi+vth\/mR, (12)

where the electrostatic potentiélobeys Poisson’s equation

their position in the cell. Further reduction of the short-range dt

forces occurs because of additional smoothing that can be

applied to the source terms when the solving the field equawhereR is a random number ang, is the thermal velocity.
tions. The additional smoothing retains the linear nature offhis has the effect of collisionally slowing and coolior

the force experienced by a particle, but reduces the cell theating the grains to the velocity and temperature of the
cell variations. Long-range interactions are essentially simibackground. This process produces some small fluctuations
lar to the MD approach. However, one can show that PIdn the temperature of the dust grains. We also apply the
methods require onliN4log Ny computations per time step, approach in Eq(12) continuously through the run to treat the
compared td\lg for MD. In the case of the PIC method, one effect of collisions with the background gas, as discussed
can use only a few simulation particles to represent the largearlier in regard to Fig. 2.

grains in a dusty plasma crystal or many simulation particles In all of the simulations, we use a similar time step
to represent a quasicontinuum of dust grains as would begAt=0.05. The simulations are ruafter the initial ran-
described by fluid theory. However, calculations in moredomization and cooling period of 10Jq1) for 410(1);1, dur-
than one spatial dimension require some effort to solve théng which time(8192 time stepswe collect the electrostatic
field equations. In the calculations to follow, we considerpotential on the grid. The grid consists of 128 equally spaced
only electrostatic interactions and hence just solve Poisson’gositions for a system length afk;=85. In the case of the
equation. We assume that all the dust grains have identicallD simulations, where no potential profile or even a grid is
fixed charges, but one could also imagine allowing the graimeeded, we calculate the potential on a fictitious ¢til, on
charge to vary in time or having a distribution of charges/fictitious particles with fixed spatial locationgn the same
sizes[19]. manner as for the PIC simulations. We then Fourier trans-
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‘ . ‘ 0.0 ‘ ‘ ‘ .
00 03 06 09 12 00 03 06 09 1.2
k/lk k/k;

FIG. 3. w versusk from MD simulations withNy=32 andI’ FIG. 4. w versusk from PIC simulations witiN3=12 800 and
=120 (circles, 12 (squarey and 1.2(diamond$. Curves in this T'=120 (circles, 12 (squares and 1.2(diamonds.
and subsequent figures are the theoretical results from Fig. 1.

) ) grid, one can show that the sinusoidal pattern repeats at
form. the data in space and time. For each_wave number, WRigher wave numbersThe squares correspond to the run at
obtain a spectrum Qf frequencies. From suitable wave-powedmallerI"=12. In this case, one expects a more liquid be-
averaged frequencies, we compute a mean frequenfy  payior, with the frequency falling, but not going to zero, at
each yvave_numbek. The sp_read of frequenues_about_ the xp=2+. The third casddiamond$ corresponds td" = 1.2.
mean is typically~5%. We will show plots of the dispersion | this case, one expects the grains to be in a gaseous state
relationw versusk for the various runs we present in Sec. IV. obeying a more fluidlike dispersion relation. Folk,>0.6,
Experimentally, one usually launches waves of fixed fré-ne oints lie above, but more closely to, the dotted curve,
quency and measures ttompley wave number. Our later hich is the strongly coupled modification to the fluid dis-
stud!es will c_0n5|der such launched waves and the resultmgersion relation [27]. At long wavelengths k/k;<0.6,
spatial damping effects. o strongly coupling effects at largE are negligible and the

Finally, we will consider two limiting cases. To model points follow the solid curve, the fluid relatioi).
dusty crystal-like structures in both MD and PIC simulations,  \ye now contrast these results with different simulations
we use 32 particles in the simulation. For the parameter§gne with PIC techniques. We begin in Fig. 4, with simula-
given above, this corresponds to a particle spabingabout s in the fluid regime, where the dust is represented by
one eIe_clt/rson Debye lengtfiive ion Debye lengths with b 1009 macroparticles per computational ogk., 12 800 total
=d=ny ™. In the PIC simulations, this corresponds 10 particles. In this case, one expects that discrete effects will
about one particle every four computational cells. For thepe negligible and that one should recover the wave properties
PIC Ca|Cu|ati0nS, we will also consider the fluid ||m|t, where obtained from the fluid equations_ Again’ we consider three
discreteness effects usually associated with dust grains aggses: I'=120 (circles, 12 (square and 1.2(diamond3
ignored; here the dust is presented by roughly 100 particlegng display the results in Fig. 4 in the same format as Fig. 3.
per cell. In this case, the particle number is so large and th@t short wavelengths, the strongly coupled cae=(120)
interparticle spacing is so small that MD methods are im-pgre closely follows the dotted curvé). As T is reduced,
practical. the frequencies follow the fluid dispersion relation to higher
k, before leveling off. At long wavelengths, the points corre-
sponding to the cases at higHémgenerally fall below those
at low I'. A least-squareglinean fit to the five smallesk

In this section we present the results from a number oialues yields phase speeds relative to the fluid liwit.0)
different simulations, comparing the dispersion relation forof 1.1+0.05 atI’=1, 1.0=0.05 atl'=12, and 0.2 0.05 at
dust-acoustic waves for different physical or numerical pad’=120. The reduction in phase speed withs consistent
rameters. We begin with MD simulations for a plasma crys-with theory[26], although calculations have not been done
tal containing 32 dust grains. The physical parameters havexplicitly for these parameters in a 1D model. The theory,
been all given in the preceding section. We consider threderived for k=d/Ap<<1, has not been extended to the re-
cases, in which the dust temperature is varied, soffhist gime x>1 (x~5 in the simulations Moreover, differences
120, 12, or 1.2. The results are shown in Fig. 3, in a formato the strong coupling correction to the compressibility be-
used in subsequent plots. Plotted as curves in the figure atereen the 3D theory and the 1D simulations have not yet
the fluid dispersion relatiof2) as the solid curve, the fluid been worked out.
dispersion relation with strongly coupled correctidgs as In order to test the sensitivity of these PIC results to nu-
the dotted line, and the dispersion relation appropriate for anerical effects, we consider tHé=120 case, but vary the
1D lattice (3) as the dashed line. The symbols represent thevay that the dust density information that is collected on the
real frequencyw as a function of wave numbeds for the  spatial grid is treated. These results are presented in Fig. 5.
various simulations. The circles correspond to the run withThe circles correspond to the same case as shown in Fig. 4,
I'=120. In this case, one finds from the calculations that avhere no numerical smoothing is applied to the collected
regular crystal structure forms. The points correspond rathedlensity, which is used to solve Poisson’s equation. The
closely to the dispersion relation predicted by the latticesquares correspond to a run where we apply a simple
theory [23], with the frequency dropping to near zero at smoothing routine, in which the charge density in fHecell
k/k;=1.2, corresponding t&kb=27. (With a finer spatial is taken to be a weighted average of the values in fhe (

IV. SIMULATIONS
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FIG. 5. w versusk from PIC simulations witiN4=12 800 and FIG. 7. w versusk from (unsmoothef PIC simulations with

I'=120 for no smoothing(circles, simple local smoothing N4=32 andl'=120 (circles, 12 (squarey and 1.2(diamonds.
(squares and nonlinear smoothin@iamonds.

for 64 equally spaced particles would be a sine function that
—1)th (25%), the jth (50%), and the {+1)th (25%) cells.  reaches its first maximum &tk;=1.2, with an amplitude of
With this simple smoothing routine, one sees similar resultsy/w,=0.4, which is considerably different from that which
at long wavelength but a reduction of the frequency foris found. Discrete effects do become manifedtigt 32, i.e.,
k/ki>0.6, which corresponds to wave modes that are reone particle every four cells. In this case, with the measured
solved by fewer than eight cells. The diamonds correspongtequencies shown as diamonds, the dispersion relation
to the results of a third simulation in which a stronger, non-obeys the lattice dispersion relati¢8), with the frequency
linear filter is applied. This filter is applied by Fourier trans- peaking atk/k;=0.6 and falling to zero ak/k;=1.2, as in
forming the accumulated charge density iktepace, reduc- Fig. 3.
ing the wave power in waves with mode number greater than The results of PIC simulations withy=32, correspond-
16 (i.e., waves resolved by fewer than eight ceigponen-  ing to the crystal state, are shown in Fig. 7, where the dust
tially, and transforming the truncated spectrum back to reajemperature is varied. Again, the simulations are not
space. As one sees in the figure, the spectrum is well reprgmoothed in space and the three caSesl20 (circles, 12
sented by the fluid dispersion relation below this cutoff, but(squarey and 1.2(diamond$ can be directly compared to
for high wave numbers, the frequency is strongly reducedthe MD results(which use the same number of partigl@s
This shows that the PIC methods with smoothed density prorig. 3. One sees in comparing these figures that they are very
files are valid at long wavelengths, but care must be used igimilar, showing solid(lattice) behavior at the highest,
interpreting results at shorter wavelengths. more liquid behavior at the intermediafe and fluid-like

Figure 6 shows how the dispersion relation for t@-  pehavior af"=1.2. In the present simulations, the frequency

smoothedl PIC simulations varies as the particle number isfor the lattice waves is slightly larger than the theoretical
reduced. Again, the dust temperature is low, correspondingajue (and the value obtained in the MD calculatipnBe-
to I'=120. Plotted as the circles is a run wity=128, i.e.,  cause of the sharing of charge between gird points, this sug-
one simulation particle per cell. This result is nearly identicalgests that the average effective particle spating slightly
to that in Figs. 4 and 5(again as circles where Ny smaller thanL/Ny, so that from Eq(4), kb is slightly less.
=12800. One can show that the results are essentially idemqencef (kpb), and thusw, is slightly larger. This conjecture
tical for Ng varying between these two limiting values. The has been confirmed by redoing the simulations using a near-
second case, shown as squares, corresponblgt®4, i.e.,  est grid point method of charge accumulation instead of dis-
one particle for every two cells. In this case again, the fluidiributing the charge between the two neighboring grid points
dispersion relation continues to be obeyed, even though or[@4]. In this case, the frequencies indeed are slighth%)
might imagine that discrete effects would begin to appearsmaller.
According to Eq(3), the lattice dispersion equation expected We have also carried out smoothing tests in the crystal

limit, as summarized in Fig. 8. As in Fig. 5, we compare PIC
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FIG. 6. w versusk from (unsmoothedPIC simulations withl"
=120 andNy4=128 (circles (corresponding to one particle per FIG. 8. w versusk from PIC simulations witilNyg=32 andI’
cell), 64 (squares (0.5 particles per cell and 32(diamonds$ (0.25 =120 for no smoothingcircles, simple local smoothingsquares
particles per cell and nonlinear smoothin@iamonds.
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ing dust-background collisionsv{=0.5wy) for I'=120 andNy ions (N,=51200) andNy=12 800.
=32 (filled circles and 12 800Q(filled squarel open symbols are

for the corresponding cases without collisions. lations (a factor of 100 larger compared to the run that uses

Boltzmann iong
simulations with no smoothing(circles, simple 3-3-
smoothing (squarel and the more complex filter routine
(diamondsg, with Nyg=32 andI'=120. The case with no
smoothing was shown in Fig. 7. With simple smoothing, the |n this paper we have discussed the use of molecular dy-
latticelike dispersion relation is still obeyed, but the frequen-namics and particle-in-cell techniques in modeling low-
cies of longer-wavelength modek/k;<<0.6) are increased frequency wave behavior in dusty plasmas. We have used
to values intermediate between the lattice and fluid limitsthese techniques to model dusty plasmas both in the limit
The more complex, nonlinear filter causes these longwhere discreteness effects of the dust can be ignored and the
wavelength modes to satisfy the fluid dispersion equa@n resulting system can be described by fluid equations and in
since the smoothing tends to remove discrete effects assoghe limit where the dust grains are large and form into a
ated with the small number of grains. At shorter wave-regular, latticelike array. In this second, so-called crystal re-
lengths, the frequency is reduced, so thas nearly zero at gime, we have shown that MD methods are able to accu-

V. SUMMARY

kb=27, similar to the unsmoothed case. rately simulate lattice waves when the dust is relatively cold
We have also included collisions of dust grains with theand the coupling parameté&ris large enough that the solid
background gas, as described in Sec. Ill. We compare thstate is achieved. Moreover, at smaller values of the coupling

previous unsmoothed PIC simulations with=120 andNy  parameter, both liquid and gaseo(iscluding strong cou-
=12 800(open circlesandNy4= 32 (open squargswith cor-  pling correction$ states can be simulated, as reflected in the
responding runs where/.=0.504 (closed symbols as accurate representation of the dispersion relation of dust-
shown in Fig. 9. As predicted by linear theoflyig. 2), in  acoustic-like waves. As one includes all the two-body inter-
both the fluid and crystal limits, the frequency of the wavesactions between grains in this method, MD simulations work
is reduced, although the general shape of the dispersion réest when the particle number is relatively small.
lation is relatively unchanged. The percentage reduction of On the other hand, PIC methods, which treat the grain-
the frequency in each case is consistent with that calculategrain interactions indirectly through the medium of a grid on
from linear theory. At long wavelengths, we find a small which moments are collected and the field equations are
reduction of the frequency, rather than—0, as Fig. 2 indi- solved, have been shown to accurately model dusty plasmas
cates. Although the linear damping rates in Fig. 2 are largein the absence of discreteness effects, i.e., the fluid regime.
the waves are not completely damped out. A comparison obome care must be used if smoothing of the moments is
the fluctuation levels in the two fluid regime runs shows thatapplied in order to reduce the fluctuations in the system.
with collisions, the fluctuation levels are about a factor of 10Because of smoothing, the short-wavelength portion of the
lower compared to the collisionless c4dé]. Whereas inthe wave spectrum will probably not be properly represented;
case of no collisions there is a very slow rise of the fluctua-however, the long-wavelength portion of the spectrum will
tions with time, in the presence of strong collisions, the fluc-be accurately reproduced. In the absence of smoothing, PIC
tuations stay clamped at their lower, thermal level throughmethods have been shown to reproduce the fluid dispersion
out the run. relation modified by strongly coupled plasma effects both at
Finally, we have carried out PIC simulations in which the short wavelengthgwhere the effect is largeand at long
plasma ions are also treated as particles rather than aswaavelengthgwhere the effect is smallerThe crystal limit
Boltzmann fluid. There are 100 dust simulation particles percan also be modeled by PIC methods, but again smoothing is
cell along with 400 plasma simulation particles. In this casean issue. In this limit, smoothing can modify the long-
as shown in Fig. 10, the nonlinear smoothing is employedwavelength portion of the spectrum and make the dispersion
As in Fig. 5, the waves tend to follow the fluid dispersion more fluidlike rather than latticelike. In the absence of
curve up tok/k;=0.6, when the nonlinear filter kicks in and smoothing, the lattice dispersion relation is generated when-
reduces the wave frequencies for shorter wavelengths. Agver there are sufficiently few particlés.g., about one par-
long wavelengths, there is some enhancement of the freicle every four cellsthat discreteness effects appear. In this
quency. This may be a nonlinear effect, due to mode coulimit, with relatively few particles, PIC methods are about as
pling because of the much larger noise levels in these simuwsomputationally efficient, and somewhat less accurate for
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doing short-range interactions, than MD methods. This willtransverse to the flow may also require further modification
be particularly true in more than one spatial dimension.  of the interaction between dust grains in both the MD and
We have also shown how collisions between grains andPIC descriptions.
the background plasma and/or neutral gas can be included in Experimentally, dusty plasma crystals are produced in
PIC methods. Generally, collisions reduce the real frequenciow-density rf discharges, where the dust grains collect in
and increase the damping of the waves; this can be showmaps above the electrodgs,6,8. In these traps, the down-
theoretically and has been confirmed by the simulations inward gravitational force is balanced by the repulsive electro-
both the fluid and crystal limits. PIC methods also allow thestatic force of negatively charged grains. There is also flow
background ions to be treated kinetically, which can be im-of plasma through the trap towards the electrode. Typically,
portant if there is additional physics, such as flow betweerthe trap is only a few layers thick. In such a system, the
the dust and the plasma, that modifies the symmetry of thexcitation and detection of low-frequency waves in the flow
shielding cloud around each dust grain. Here we have showdirection is very difficult{49] and waves have usually been
that in the absence of flow, the simulations indicate that thestudied in the plane transverse to the flgi#]. In this case
dispersion properties of the waves are not modified to a sigmodification to the wave properties seen to be dominated by
nificant degree, except perhaps at very long wavelengths, bgollisions rather than strongly coupled plasmas effects
kinetic ions. However, the simulations have a much highef16,26,50-52 However, the study of waves in the flow di-
overall level of fluctuations, which may lead to mode cou-rection may lead to a better understanding of wave genera-
pling and hence the long-wavelength modification of thetion and coupling in a three-dimensional system. Further-
spectrum. more, it may give some information about the properties of
While this study has concentrated on simple one-the shielding provided by the background plaspi@] or
dimensional, periodic systems, actual dusty plasmas are fullgbout the size of the dust grains themse&4d. In addition,
three dimensional, or perhaps thin enough in one dimensiosince low-frequency waves are observed as the crystal melts
that they are nearly two dimensional and usually aperiodic|8], their study may also contribute to further understanding
In such situations and where the dust grains are relativelpf the phase transition process. Moreover, since some experi-
large and form into crystalline structures, MD simulationsments indicate that relatively large-amplitude waves can be
provide the best modeling method. If the grains are smallegenerated[7,9], and other experiments show waves on
and overall fluidlike dynamics are the goal of the simulationstrings of dust graing53], simulations of these systems may
study, PIC methods with Boltzmann ions should be used. Isay something about the nonlinear behavior of the waves.
there is relative flow between plasma and dust species, the
mteractl_on becqme_s more complex. In this case, some model ACKNOWLEDGMENTS
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